The moving neutral system of two Coulomb charges on a plane subject to a constant magnetic field B perpendicular to the plane is considered. It is shown that the composite system of finite total mass is bound for any center-of-mass momentum P and magnetic field strength; the energy of the ground state is calculated accurately using a variational approach. Their accuracy is crosschecked in a Lagrange-mesh method for B = 1 a.u. and in a perturbation theory at small B and P . The constructed trial function has the property of being a uniform approximation of the exact eigenfunction. For a Hydrogen atom and a Positronium a double perturbation theory in B and P is developed and the first corrections are found algebraically. A phenomenon of a sharp change of energy behavior for a certain center-of-mass momentum and a fixed magnetic field is indicated. * Electronic address: mauricio.escobar@nucleares.unam.mx † Electronic address: turbiner@nucleares.unam.mx
Introduction
Two-dimensional planar systems of several Coulomb charges of finite masses, both classical and quantum, exhibit many interesting properties which are usually either hidden or absent in three dimensional one. The situation gets even more interesting if a magnetic field perpendicular to the plane is imposed. The first non-trivial case of two Coulomb charges reveals the existence of unexpected concentric classical trajectories and straight line motion (for neutral systems) (see [1] and references therein) in classical problem. In the quantum case there exist a certain eigenstates which are characterized by extra quantum numbers.
They are the eigenfunctions of the operators which are not global integrals [2] . Usually, these eigenfunctions are of polynomial form (up to a multiplicative factor) [2] [3] [4] . In two important cases of quasi-equal charges (
) and neutral system at rest the hidden algebra sl(2) in finite-dimensional representation is present for a certain discrete values of a magnetic field strength [2, 5] . It is needless to say that in the three-dimensional case there exists the phenomenon of dissociation which is absent in the two-dimensional planar case.
All that indicates the absence of a trivial connection between two-and three-dimensional cases. However, it turns out that there exists a number of properties which are similar for two-and three-dimensional systems in a constant uniform magnetic field. This similarity will be mentioned in our presentation.
In our previous paper [6] an accurate variational solution for several low-lying states for both quasi-equal charges (
) and neutral system at rest was given. The stability of the system was shown for all magnetic fields. The accuracy of the obtained results was evaluated in a specially designed, convergent perturbation theory. The goal of the present paper is to perform the study of the ground state of a moving neutral system of two Coulomb charges of finite masses in a wide range of magnetic fields and to check its stability. It has to be emphasized that the global integral of the motion, the Pseudomomentum K established by Gor'kov & Dzyaloshinskii [7] for the three-dimensional case remains the global integral for planar case as well, it coincides with the center-of-mass (CMS) canonical momentum of the system, P = K. We focus on a particular case of the Hydrogen atom (the case of unequal masses) and we also mention Positronium (the case of equal masses). To the best knowledge of the present authors there was a single attempt so far to study the moving Hydrogen atom on the plane carried out by Lozovik et al, [8] . It was done for very weak magnetic fields. This problem is seen as an important for solid state physics, for the physics of excitons.
As a first step we consider the case of weak magnetic fields and small CMS momentum in double perturbation theory in powers of B and P . It will be realized in the "nonlinearization procedure" [9] , in the framework of which the computation of the coefficients of the perturbation series is a purely algebraic problem. In the case of larger fields and CMS momenta we are going to employ the variational formalism constructing the trial function in such a way to combine into an interpolation a WKB expansion at large distances with perturbation theory expansion at small distances near the extremum of the potential [11] .
I. GENERALITIES
The Hamiltonian, which describes a two-body neutral system, (e, m 1 ), (−e, m 2 ) assuming e > 0, in a constant and uniform magnetic field B perpendicular to the plane, has of the
where ℏ = c = 1 4 π ǫ 0 = 1,p 1,2 = −i ∇ 1,2 is the momentum and ρ 1,2 is the position vector of the first (second) particle. Here the symmetric gauge A 1,2 = 1 2 B × ρ 1,2 is chosen. It is easy to check that the total Pseudomomentum,
is a vector integral of motion belonging the plane, on where the dynamics is developed,
as well as the total angular momentum
[L,Ĥ ] = 0. The vectorL is perpendicular to the plane. In general, the problem is not completely integrable.
It is convenient to introduce center-of-mass (c.m.s.) coordinates
where M = m 1 + m 2 is the total mass of the system and µ i = m i M is relative mass of the ith charge. In these coordinatesK
(cf. (2), (3)), where
It is easy to check that the integralsK = (K x ,K y ),L =L n z obey the commutation
hence, they span a noncommutative algebra with the Casimir operatorĈ,
It is convenient to make unitary transformation of the canonical momenta
Then, the unitary transformed Pseudomomentum reads
it coincides with the c.m.s. momentum of the whole, composite system, see (2) . The unitary transformed Hamiltonian (1) takes the form
here q w = e (µ 
It is easy to check that the eigenfunction ofP has the form
where P is the eigenvalue and ψ P (ρ) depends on the relative coordinate ρ. Substituting Ψ ′ P into the Schrödinger equation forĤ ′ we obtain the equation of the relative motion
where CMS momentum P plays a role of external parameter.
The equation (14) is the basic equation we are going to study. At P = 0, the relative angular momentuml z = −i ∂ ϕ is conserved, the relative polar angle ϕ is separated out and the problem (14) is reduced to a study of dynamics in (relative) radial direction ρ, thus, becomes effectively one-dimensional(!). In double polar coordinates CMS (R, φ) and relative (ρ, ϕ)
coordinate systems (i) the eigenfunctions are factorizable, all factors except for ρ-dependent are found analytically, they have definite relative angular momentum, (ii) dynamics in ρ-direction is described by a funnel-type potential and it is characterized by the hidden sl (2) algebra; (iii) at some discrete values of dimensionless magnetic fields b ≡ B 4 m 2 r e 3 c ≤ 1 the algebra sl(2) emerges in finite-dimensional representation, thus, the system becomes quasiexactly-solvable. This case has been analyzed in [2] (see also [4] ).
However, for the case of moving system P = 0, an immediate observation is that the relative angular momentuml z is not conserved. Consequently, the relative coordinates are not separated and the system is not reduced to one-dimensional dynamics. Neither factorization of eigenfunctions nor a hidden algebraic structure occurs. The problem is essentially twodimensional and we arrive at the question how to solve it. A simple idea that we are going to employ is to combine a WKB expansion at large distances with perturbation theory near the minima of the potential into an interpolation. The main practical goal of this paper is to construct such an approximation for the ground state of the Hydrogen atom and then use it as variational trial function.
II. ATOM AT SMALL MAGNETIC FIELDS AND SMALL PSEUDOMOMEN-TUM
Let us first consider the case of weak magnetic fields and small Pseudomomentum. In this regime the interaction of particles with the magnetic field as well as magnetic field selfinteraction can be treated as a perturbation of the Hydrogen atom. We focus our analysis on the ground state only. The wave function depending on relative coordinate ρ (see (13)) can be represented in the form:
We assume that the phase Φ(ρ, ϕ) has no singularities on the real plane. Substituting (15) with CM momentum chosen to be directed along y-axis, thus, P = (P,
) in polar coordinates, into the Schrödinger equation (14) we arrive at the Riccati type equation
with a non-trivial potential
. Now we develop a perturbation theory for Φ andÊ
Substituting (18) into (16), and collecting the terms of the order of B n P k , we obtain the following equation for corrections, thus, n + k > 0:
where formally Φ −1,k = 0, here Q n,k plays the role of an effective perturbation potential and is given by the following formulas:
and for n + k > 2
where the summation is performed such a way that m + p = 0 and m + p < n + k. The first corrections in (18) can be calculated explicitly (see Table I for some concrete cases) and the energy expansion has a form
where we put e = 1 and µ = µ 1 − µ 2 . The coefficient functions in the phase expansion (18) are
Since in the potential (17) the magnetic field B appears as a coefficients in front of the most singular term ∼ ρ 2 at large distances the Dyson instability phenomenon occurs when B 2 is negative (for discussion, see [9] ). Hence, it is evident that this perturbation theory in powers of B is divergent, there exists a singularity at B = 0. Otherwise, for any fixed B = 0 the Dyson instability phenomenon does not occur when P changes sign. It indicates that the series in P has a finite radius of convergence, which is, of course, of the order of B. Thus, a domain of applicability is limited to the case of fairly low B and P B.
III. MOVING ATOM IN A ARBITRARY MAGNETIC FIELD AND PSEUDO-MOMENTUM
In this section we consider the neutral system in a magnetic field for arbitrary values of a magnetic field and Pseudomomentum. 
Then the following scaling relations emerge
It is worth mentioning that similar scaling relations can be written for three-dimensional case [12] .
B. The effective potential and optimal gauge.
The form of the Schrödinger equation (14) implies the existence of the gauge-invariant effective potential
ρ which describes the relative motion [19] . In Cartesian coordinates choosing without loss of generality the CM momentum P = Pŷ, we have
For any P the potential V ef f has a minimum at x = y = 0, it corresponds to the Coulomb singularity. It can be called the Coulomb minimum. For a certain values of P , larger than some critical Pseudomomentum (CMS momentum), P saddle another minimum can occur.
It is located along the line perpendicular to the direction of Pseudomomentum. In this
and the position x 0 of minimum is given by a solution of the cubic equation
All three solutions of (26) are real if
At P = P saddle = ( (which is charge independent(!), e > 0). For P > P saddle , the potential (25) has two minima (see Fig.1 ). For fixed B in the limit P → ∞ we can easily obtain from (26) the expression
therefore, x 0,min grows linearly at large P and V ef f (x 0,min , 0) tends to zero as − B e 3 P
. Similarly, the position of the maximum of the effective potential V ef f (x, 0),
thus, x 0,max → 0 with growth of P and V ef f (x 0,max , 0) → ∞ . The behavior of the barrier height ∆V = V ef f (x 0,max , 0) − V ef f (x 0,min , 0) at large P is given by the expansion Since we are going to use an approximate method for solving the Schrödinger equation with the Hamiltonian (14), a quality of the approximation of ground state function can depend on the gauge. In particular, one can ask whether can one find a gauge for which a given trial function leads to minimal variational energy. Such a gauge (if found) can be called optimal for a chosen trial function.
To this end, it is convenient to introduce a unitary transformation
where
and 0 ≤ d ≤ 1 is a parameter. The unitary transformed Hamiltonian (14) takes the form
This transformation implies that we consider now the Schrödinger equation in a linear gauge for which the position of the gauge center, where A(x, y) = 0, is located at y = 0,
For P > P saddle we expect the gauge center to be localized on the line y = 0, between the origin x = 0 and the second minimum x = x 0,min of V ef f , (see (28)). Thus, the vector potential can be considered as a variational function and can be chosen by a procedure of minimization as it was proposed in [13] (see also for discussion [14] ). The case d = 0 has been used in the past to study the so-called centered states with wavefunction peaked at the Coulomb minimum [16] . While for the so-called "decentered" states it seems natural to consider d = 1. The eigenvalue problem
where χ P = e i e (µ 2 −µ 1 ) Aρ 0 ·ρ ψ P , is the central object of our study hereafter.
C. Asymptotics.
If we put χ P = e −ϕ in (34), one can construct the WKB-expansion at large ρ = x 2 + y 2 for the phase ϕ. The leading term at ρ → ∞ is given by
Assuming the condition (27) is fulfilled, the potential (26) has the second minimum at x 0 = 0. It can be constructed the double Taylor expansion of the phase at x = x 0 , y = 0 ,
where α 0 is unimportant constant and
) ,
D. Approximations
Making interpolation between WKB-expansion (35) and the perturbative expansion (37), (36), respectively, we arrive at the following expressions Following the prescription formulated in [11] we construct a trial function for the ground state in a form of linear superposition
where C ′ s are linear variational parameters. Supposedly, they should behave smoothly as a function of a magnetic field.
IV. RESULTS
We carried out a variational study of the two-body neutral system on a plane moving across a magnetic field. The main emphasis is to explore stability of the moving system, thus, studying the ground state. For the case of Hydrogen atom, the energy for several magnetic fields 0 < B < 1000 a.u. and values of Pseudomomentum (= CMS momentum P ) 0 ≤ P < 200 a.u. is presented in Table II . The energy grows monotonically and rather sharp as a function of a magnetic field for fixed Pseudomomentum but at much slow pace as a function of Pseudomomentum for a fixed magnetic field. It is worth noting that for fixed B the energy E as a function of P tends asymptotically to the ground state energy of two non-interacting charges in a magnetic field.
After making a minimization, one can see the appearance of a sharp change in behavior of parameters in (39) as a function of P . It is related with a fact of the existence of a certain critical Pseudomomentum P c > P saddle such that for P < P c the optimal linear parameters C 1 ≈ 1, C 2 ≈ 0 the wavefunction has a peak near the Coulomb singularity (centered state). At P > P c the situation gets opposite: the parameters C 1 ≈ 0, C 2 ≈ 1 and the wavefunction is peaked near the second well of (25) depending on a magnetic field strength) than one of the magnetic well, the system prefers to stay at the Coulomb well. If P > P c the effective depth of the Coulomb well is smaller (or much smaller depending on a magnetic field strength) than one of the magnetic well, the system prefers to stay at the magnetic well. For all studied magnetic fields the barrier between wells is very large, the probability of tunneling from one well to another one is very small. Hence, the energy behavior vs. CMS momentum is defined by the behavior in one well or another, it is close to classical behavior. Thus, the presence of the second minimum in the effective potential can be neglected. This phenomenon is very well-pronounced at small magnetic fields. Similar behavior was observed in three-dimensional case in [10] (for Hydrogen atom) and [17] (for Positronium). The behavior of P c as a function of magnetic field is presented in Fig. 3 , P c grows with an increase of B. Typical distribution |χ P | 2 for P < P c and P > P c is shown on Fig. 4 .
The evolution of the gauge center parameter d (see (32)) vs. CMS momentum is shown in Table III for magnetic field range 0.1 − 10 a.u. Thus, the gauge changes from the symmetric gauge centered at the Coulomb well to symmetric gauge but centered at the magnetic well. In turn, the parameter d remains almost equal to 0 up to P = P c (which means the gauge center coincides with a position of the Coulomb singularity, then sharply jumps to a value close to 1 (gauge center coincides with a position of the minimum of magnetic well), displaying a behavior which looks like a phase transition. But it is not a phase transition: the energy changes sharply but smooth. For P = P c the parameter d ∼ 0.5. There exists a certain domain of transition from one regime to another. Overall situation looks very similar to one for the H + 2 molecular ion in a magnetic field in inclined configuration [13] . In order to illustrate the transition from a centered state to a decentered one we have calculated, using the trial function (38) with optimal parameters, the expectation value of the relative coordinate, ρ , see Table IV . At weak magnetic fields B, the transition is very sharp, becoming even more pronounced with a magnetic field decrease. For all studied magnetic fields and fixed CMS momentum ρ is finite. Furthermore, the trial function (38) remains normalizable in relative coordinates ρ, see (13) . It indicates stability of the neutral system.
To complete the study we show in Tables VII -XIII ( Table V . Let us note that with the increase of a magnetic field the variational and perturbative results get closer and for B = 1000 a.u. they agree in four significant digits. We adopted the Lagrange mesh method based on the Vincke-Baye approach [15] to obtain the ground energy for B = 1 a.u. and different Pseudomomenta P , see Table VI . For all studied values of P the variational energy is in agreement with Lagrange mesh calculations in not less than 5 s.d.
It is quite interesting to make a comparison with a single numerical study by Lozovik et al. 
V. CONCLUSIONS
Summarizing, we want to state that a simple uniform approximation of the ground state eigenfunction for the two-dimensional moving Hydrogen atom and Positronium in a Table IV : Expectation value ρ : magnetic field in effective atomic units, B 0 = 9.3917 × 10 9 G. At B = 100, 1000 a.u., ρ ≈ 0.06, 0.019, respectively. Data corresponding to decentered states marked
magnetic field is constructed. It manifests an approximate solution of the problem. The key element of the procedure is to make an interpolation between the WKB expansion at large distances and perturbation series at small distances both for the phase of the wavefunction; in other words, to find an approximate solution for the corresponding eikonal equation. In general, the separation of variables helps us to solve this problem easily. In our case of nonseparability of variables the WKB expansion of a solution of the eikonal equation cannot be constructed in a unified way, since it depends on the way to approach to infinity. However, a reasonable approximation of the first dominant growing terms of the WKB expansion of P c (B). It seems this phenomenon can be used to measure a magnetic field strength. This effect was already mentioned in the case of three-dimensional Hydrogen atom moving across magnetic field [18] .
We calculated the corrections to the energy and to the wavefunction for the ground state of the Hydrogen atom and Positronium in a double perturbation theory in B and P since the ground state remains nodeless. This became possible as a result of the application of the nonlinearization method, since it is difficult to perform such calculations within the framework of the standard approach with use of sums over intermediate states or Green functions. In particular, we succeeded in computing the crossterms ∼ B n P k for arbitrary masses m 1 , m 2 . It is quite non-trivial task due to non-separability of variables in original
Hamiltonian. To the authors knowledge, the corrections to the energy and to the wave function of orders B 2 P 2 , and B 4 P 2 (cross terms) are reported for the first time. Concrete results for the Hydrogen atom and Positronium are presented in Table I . In general, the correction Φ n,k to the phase of wave function for even k is non-vanishing, while for odd k it is pure imaginary(!), except for the case of equal masses, e.g. Positronium. Since the procedure exploited was purely algebraic, one can use symbolic calculation routines like MAPLE to find higher order corrections analytically. However, it should be kept in mind that perturbation theory in B and P series is divergent. Hydrogen atom: critical P c
